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ABSTRACT 
This paper describes our work on the realization of a non-hermitian Hamiltonian system in time-delay 
coupled semiconductor lasers consisting of two identical lasers, operated with a small frequency detuning 
between them, and bidirectionally coupled to each other through optical injection. The effective Hamiltonian 
for this system is non-hermitian, and, under some assumptions and conditions, reminiscent of two-site parity-
time (PT) symmetric Hamiltonians, a topic that is under intense investigation. The dynamical response of the 
intensity of the lasers as a function of the detuning between them reveals characteristics of a PT symmetric 
system, and our emphasis is on the features that arise from the delayed coupling. Experimental measurements 
are in good agreement with numerical simulation of the nonlinear rate equation model that describes the 
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coupled system. 
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1. INTRODUCTION
Non-hermitian Hamiltonians, and the varying dynamics that result in systems that are described by such 
Hamiltonians, have attracted much attention in recent years.  Part of this interest is driven by the fundamental 
physics inherent in such systems, and part of it by the putative applications of such systems.  It is axiomatic in 
quantum mechanics that the Hamiltonian is hermitian which then leads to real eigenvalues, orthonormal 
eigenfunctions, and unitary time evolution, and these Hamiltonias arise in closed systems that are decoupled 
from the environment.  Non-hermitian Hamiltonians arise in open systems wherein coupling to the 
environment leads to dissipation.  One class of non-hermitian Hamiltonians are those that are simultaneously 
parity (P) and time-reversal (T) symmetric.  The pioneering work of Bender and co-workers,1-3 and others,4-6 
demonstrating that such non-hermitian Hamiltonians may have a real energy spectrum provided has led to 
tremendous interest in experimental realizations of PT-symmetric laboratory systems.7-14  The P operator 
changes the sign of position 𝑥 → −𝑥 and momentum 𝑝 → −𝑝 and the T operator changes sign of momentum 
𝑝 → −𝑝 and the sign of complex	𝑖 → −𝑖. Some of the early experiments were on coupled pendula
13, and 
electrical circuits,14 but a majority of the experiments have been in the optical domain. This is largely due to 
the fact that PT-symmetry can be realized in systems with balanced gain and loss, and since gain and loss are 
ubiquitous in optics, much effort has been put into developing integrated structures with appropriate gain and 
loss properties.15 The prototypical PT-symmetric dimer consists of two coupled oscillators wherein the gain in 
one oscillator is exactly equal to the loss in the other. The resulting 2x2 Hamiltonian matrix which describes 
this system then has complex diagonal elements, which are complex conjugates of each other and represent 
gain and loss in each oscillator, and the off-diagonal elements are real and equal and represent the coupling 
between the oscillators.  In recent years, there have been reports on non-hermitian systems in which the 
potential term in the Hamiltonian is time-dependent, and several papers have reported on such systems that 
are studied using Floquet methods.16  
Independently, the nonlinear dynamics of coupled semiconductor lasers (SCLs) has received much 
attention over the years due to applications that range from linewidth narrowing, and optical waveform 
generation, to chaotic synchronization.17-24  There is a considerable body of knowledge and understanding on 
how these coupled lasers behave.  Coupled lasers are especially attractive for the experimental realization of 
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PT-symmetric models and exceptional point (EP) behaviors, and a few recent experiments have fabricated 
synthetic mircocavity lasers on an integrated chip, and reported the PT-symmetric properties of the system.7  
The laser configuration is typically designed to exploit the balance between the gain and loss of the laser in 
order to elicit novel and unexpected behaviors that arise when the system undergoes an abrupt PT phase 
transition or more generally approaches an exceptional point (EP). 
We now report a laboratory realization of a time-delayed, non-hermitian, system in a bulk optical 
configuration that is comprised of two optically coupled semiconductor lasers (SCLs), and an experimental 
and theoretical investigation of the properties of this system with special attention to the novel features that 
arise from the time delayed coupling between oscillators. We show that the rate equation model that is 
typically used to describe these coupled lasers, can, under certain conditions, lead to an effective non-
hermitian Hamiltonian that is strongly reminiscent of the Hamiltonians that arise in the study of conventional 
PT-symmetric systems.  Our experiments demonstrate not only that the coupled SCL system possesses many 
of the features that PT-symmetric systems do, but also reveals key signatures associated with the time-delayed 
coupling.  Time-delayed differential equations are generally not amenable to analytic solutions and hence we 
resort to numerical methods to solve the relevant equations that model our system.  The predictions of the 
numerical modeling are compared to the experiments, and the results of are in very good agreement.  It is 
anticipated that the outcomes of our work will be important for systems described by non-Hermitian rate 
equations, local and nonlocal, and their laboratory implementations.   
The most important and distinguishing features of our proposed system are that unlike most non-
hermitian systems, which rely on coupling an oscillator with gain to an identical one with loss, our system 
couples two oscillators in which the frequency detuning between the two lasers, and the coupling strength 
between them, respectively, are the relevant parameters.  The advantages of this are  
(i) In contrast to other systems where a precise balance between gain and loss has be engineered, our
system automatically ensures that the frequency detuning of one laser is exactly equal and
opposite in sign to the frequency detuning of the second laser thereby guaranteeing that the
diagonal elements of the PT-Hamiltonian are equal and opposite in sign.
(ii) The physical separation between the two lasers naturally introduces a time-delay in the coupling,
and hence permits a study of time-delay effects in non-hermitian systems.  The time-delayed
aspect is a novel and unexplored topic in the field of PT-symmetry.
PT-symmetric systems are also of interest for their putative applications25-37 such as making materials 
with unidirectional optical propagation,36 single mode lasing action,32 and the spontaneous generation of 
photons in a PT-symmetric medium by a vacuum field.37  Due to the miniature size of SCLs, and well 
established fabrication methods for incorporating several lasers and associated components on chips, our 
work may lead to PT-symmetric photonics on a chip. 
2. NUMERICAL MODEL
Our system is described by a rate equation model that is based on the well-known Lang-Kobayashi 
model38  wherein we assume that the two lasers are identical and operate at frequencies, 𝜔(and 𝜔).  The
slowly varying electric fields inside the two laser cavities are defined in a symmetric reference frame that is 
given by the average of the two optical frequencies, i.e. 𝜃 = (
)
(𝜔( + 𝜔)).  The rate equations describing the
normalized complex electric fields 𝐸(,) and the normalized excess carrier densities 𝑁(,) may be written as
follows39:
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where 𝛼 is the linewidth enhancement factor,29 𝜏 is the time delay in coupling, 	𝐽(,) ∝ 𝐼(,)/𝐼6JK, is the 
normalized pumping, 𝐼6JK	is the injection current above threshold and 𝑇 = 𝜏M/@N  is the ratio of the carrier 
lifetime to the photon lifetime.  The important and relevant parameters are 𝜅 and ∆𝜔 =(𝜔( − 𝜔))	which 
describe the coupling coefficient and the frequency detuning respectively.  The above model has been used 
with great success to describe the nonlinear dynamical behavior of coupled SCLs in a number of different 
papers.  Note that in Eq. 1-4 above, the coupling term has been modified to account for the mutual coupling 
between the two lasers and a phase shift term has been added that depends linearly on the frequency detuning, 
∆𝜔.  The linear dependence implies that higher order coupling terms have been neglected, an approximation 
that is known to work well for weak coupling strengths of less than 5% of the optical power of the lasers.  We 
note from Eq. 1-4 that it is already apparent that ±𝑖∆𝜔 play the role of gain/loss in conventional PT systems.  
In our system, ±𝑖∆𝜔 accounts for frequency pulling that is typical of coupled lasers operating at slightly 
different frequencies. 
To motivate the connection to non-hermitian Hamiltonians in general, and PT-symmetry in particular, 
and to gain some insight into the rate equations, first consider the case of zero delay (𝜏 = 0).  When the SCLs 
are operating in steady state, above threshold, the inversion above transparency is zero, i.e 𝑁(,)~0. 40  
Therefore, Eq. 1-4 reduces to  
R?̇?((𝑡)
?̇?)(𝑡)




where the 2x2 effective Hamiltonian is clearly non-Hermitian and similar to typical PT-symmetric 
Hamiltonians, with the difference being that the diagonal elements of the matrix that normally represent 
gain/loss terms are replaced in Eq. (5) by frequency detuning between the two lasers.  There are other 
important distinctions between our model and typical PT-systems.  First, the SCL model is a rate equation 
model in contrast to typical PT-systems that are studied by invoking the Schroedinger equation.  Thus, the 
complex i that occurs in the Schroedinger equation is missing in our model, and leads to important 
differences.41  For example, the diagonal elements, instead of contributing to amplification or attenuation of 
light, now give rise to temporal oscillations in the field.  Second, the off-diagonal elements, instead of 
determining the frequency of exchange between the two oscillators, now contribute to laser intensity growth. 
We note that despite the simplifying assumptions made above to get Eq. (5), and the differences in the 
conventional PT model and our system, the coupled SCL system does behave like a PT-symmetric system, as 
we will show in the results sections.  In fact, our work to date indicates that the coupled SCL system is a very 
robust PT system, and that the signatures of PT symmetry remain even without the simplifying assumptions.  
Lastly, our experiments also show a similar robustness. 
3. EXPERIMENTS
Our experiments are based on variations of the system in Fig. 1 that was used to obtain the results 
described in previous work30 and is shown schematically below.  It consists of two single mode (HL7851G) 
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semiconductor lasers (SCL1, SCL2), an external cavity consisting of two beam splitters (BS1 & BS2) which 
optically couple the two SCLs, and an external control of the coupling strength, 𝜅, via a variable neutral 
density filter (VND).  The SCLs are identical except for their free running optical frequencies and threshold 
pump currents. The transmission through the VND is determined by an independent laser and photodiode 
which allows us to calibrate the experimental and theoretical coupling strength, 𝜅 = (1 − 𝑟))/(𝑟𝜏>Z)𝜉𝜏\, 
where r is the reflectivity of the external laser facet, 𝜉)	is the fraction of optical power transmitted by all the 
optical elements, 𝜏>Z	is the internal laser round trip time and 𝜏\ is the photon lifetime.  Once the transmission 
through the VND is recorded, 𝜉)	can be determined since all the other optical elements are fixed.  This model 
assumes that the fractional power is fully coupled into the active region of the SCL.  However, due to the 
relative sizes of the beam profile (> 100 µm) and the active region (about 10 µm), only a portion of the power 
is coupled into the active region. Through literature reports, and our comparisons of theory to experiment, we 
find that after determining 𝜉), we must divide it by 10 to use in simulations.  The experiment is designed such 
that the coupling strengths to the two lasers are equal, and a Faraday rotator is placed in the coupling beam 
path to eliminate self coupling.  The glass slides (GS1 & GS2) independently reflect a portion of (8%) the 
intensity from SCL1 and SCL2, and the measurement of the laser intensities is done using two 1 GHz 
photodiodes in conjunction with a 1GHz oscilloscope.  The currents and temperatures of the lasers are 
stabilized to 0.01 mA and 0.01 C respectively.   
Fig. 1. Experimental schematic.  SCL: semiconductor laser, GS: glass slide, VND: variable neutral density filter, OSA: 
optical spectrum analyzer, L3: laser used to quantify coupling strength, BS; beam splitter. 
After bidirectional coupling of the lasers, the temperature to SCL1 is scanned at a slow rate (< 10 Hz) 
and the intensities of the two lasers monitored.  The important parameters, 𝜅	and ∆𝜔, can be varied via the 
VND and the temperature of SCL1, respectively.  It is important to point out that for unequal coupling 
strengths, or for unidirectional coupling, one gets very different behaviors from a PT-system.  For uncoupled 
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lasers, the intensity of SCL2 remains constant and that of SCL1 decreases in proportion to the temperature 
increase.  For unidirectional coupling, the intensity of the slave laser follows an intensity profile identical to an 
injection laser. 
We next discuss how we vary ∆𝜔 .  For our lasers near room temperature, the optical emission 
frequency is proportional to the temperature of the active region.  Since the experimental procedure requires 
that we change the temperature by less than 4 C, it is safe to assume a linear dependence of the emission 
frequency on the temperature. The temperature dependence of the optical frequency and intensity can be 
approximated by  
𝜔(𝑇) = 𝜔] − 𝑘_𝑇 (6) 
𝐼(𝑇) = 𝐼6JK + 𝜂_𝑇 (7) 
where 𝑘_ = 20 GHz/C and 𝜂_ = 0.15 mW/C. 𝑘_is experimentally determined by scanning the temperature of
one SCL while monitoring the intensity through a fixed 2 GHz free spectral range Fabry-Perot etalon.  When 
n number of peaks are observed through the etalon, the proportionality constant can be obtained from 
𝑘_= (2 GHz)n/∆𝑇 where ∆𝑇 is the range of temperature scanned.  To obtain 𝜂_, the scanned temperature and
the emitted laser light are recorded.  The linear relationship can be directly determined from this 
measurement, ∆𝐼/∆𝑇.
Above PT-threshold (|∆𝜔 > 𝜅), the simplified PT-model and simulation of the full laser model show 
that the inclusion of time-delay causes oscillations in intensity as a function of∆𝜔, and these oscillations are a 
result of oscillations in the sign of the real part of the eigenvalues.  To test this, our typical experiment 
operates two SCLs at constant injection current about 3% above their respective lasing thresholds.  This 
guarantees the SCL to remain above threshold when the temperature is scanned.  The injection current is 
tuned to a precision of 0.01 mA to ensure that the output power of each laser is identical.  The optical 
spectrum of the uncoupled (free-running) SCLs are independently measured by an HP 7554 scanning optical 
spectrum analyzer.  The temperature to one laser is scanned and recorded.  Using Eq. (6) along with 
temperature and wavelength measurements, we calculate the detuning,	∆𝜔.  The temperature, coupling 
strength and the two SCL intensities are simultaneously recorded resulting in an intensity profile.  The 
photodiodes are operated with a large load resistor to decrease the bandwidth to < 1 GHz.  This bandwidth, 
along with the scan rate of the oscilloscope, time average the intensities. 
4. RESULTS
The eigenvalues of the matrix in Eq. (5) are real (complex) when 𝜅 > |∆𝜔  (𝜅 < |∆𝜔).  Therefore, 
one expects an abrupt increase in the intensities of the lasers when 𝜅 is swept across the threshold, i.e. the PT-
transition should occur at	𝜅 = |∆𝜔  .  We have confirmed this through numerical simulations of the full laser 
model, as given by Eq. (1-4), as well as through experiments.  In what follows, we show some representative 
results in which all time scales are in units of the photon lifetime.  For comparison to real time scales, note 
that the photon lifetime is typically about 10 ps, and so a 𝜅 of 0.1 in scaled units would be 10 GHz, and a time 
delay, t, of 100 would be 1 ns. 
In Fig. 2a are shown the real and imaginary parts of the eigenvalues obtained from the simplified 2x2 
model of Eq. (5) as a function of the detuning frequency, for a 𝜅 of 0.1, and zero time delay.   
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(a) 
(b) 
Fig. 2 (a) Trajectories of the eigenvalues when 𝜅 = 0.1 and 𝜏 = 0.  (b) Simulations of the SCL intensities when 𝜅 = 0.02  
for zero delay.  Solid blue line is instantaneous intensities of both lasers, red line is time-averaged intensity over detector 
risetime of 10 ns, and vertical dashed black line is predicted PT-transition point where 𝜅 = 	Δ𝜔. 
Clearly, for 𝜅 < |Δ𝜔| the eigenvalues are entirely imaginary leading to oscillations in the intensity of 
the laser, whereas for 𝜅 > |Δ𝜔| the eigenvalues are real and lead to growth or decay of laser intensity.  In Fig. 
2b are the intensities of the two lasers obtained from the full laser model of Eq. (1-4) with 𝜅 of 0.02 and zero 
time delay.  The solid blue line shows the intensities of the two lasers that are predicted in this regime, and the 
red line is a rolling time average with a detector bandwidth of 100 MHz, so that we mimic the experimental 
conditions.  Note that the observations of intensity oscillations for 	𝜅 < |Δ𝜔| and intensity growth for 𝜅 >
|Δ𝜔| are reproduced exactly as predicted for the simplified 2x2 matrix model.  This is a significant result 
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robustness of the system, coupled with the simplicity of its implementation, that makes it a very attractive 
candidate for studying non-hermitian dynamics. 
A novel feature of our system, and a major focus of our work, is the time-delay in the SCL model.  
The introduction of a time-delay has important methodological consequences – (i) we note from Eq. (1-4) that 
one cannot ignore the phase accumulation term, viz. 𝑒=>?@	and (ii) one now has a delay differential equation, 
the solution of which requires suitable techniques. Analytically, one seeks solutions of the form 𝑒d@, and 
expresses the delayed terms in Eq. (1) and (2) as 𝐸(𝑡 − 𝜏) ∝ 𝐸(𝑡)𝑒=d@.  From Eq. (1) and (2), we see that the 





As expected, the effects of the delay appear in the off-diagonal elements, 𝜅.  Furthermore, it is clear 
that if the eigenvalues (i.e. 𝜆) are complex, then this effective Hamiltonian may no longer be PT-symmetric.  
To examine this, we show in Fig. 3a the eigenvalues vs. Δ𝜔 for a 𝜅 of 0.1 and time delay of 100 units (in 
normalized units, corresponds to a real delay of 1 ns) where we find that the system still retains the traits of a 
PT-symmetric system.  There is a distinct transition from real to imaginary eigenvalues at 𝜅 = |∆𝜔|, where 
the imaginary component of the eigenvalue becomes zero and the real part becomes finite.  The most 
interesting features occur when |∆𝜔| > 𝜅, at which point the real part of the eigenvalues oscillates from 
positive to negative, while the imaginary part is similar to the zero delay case of Fig. 2a, except for a series of 
discrete steps.  In Fig. 3b are the simulations of the full SCL model given by Eq. (1-4), for 𝜅 of 0.02 and delay 
of 100, and remarkably, the intensity oscillations in the |∆𝜔| > 𝜅 range are captured by the time-averaged 
intensities.  As shown in Fig. 2b, the time-averaged intensities are constant for zero delay, whereas with a 
delay the intensities of both lasers oscillate.  The vertical, dashed black line marks the position of the expected 
PT-transition and we see that the simulations are very close to the expected transition. 
The most immediate consequence of a time-delayed PT-symmetric system is oscillations in the 
intensities of the lasers with frequency detuning.  A time-delayed PT system gives rise to two types of 
oscillatory dynamics – (i) the imaginary eigenvalues in the PT broken phase give rise to temporal oscillations, 
just as in the zero delay case, which occur for fixed frequency detuning and (ii) the time-delay gives rise to 
oscillations in the real part of the eigenvalues which then manifest themselves as intensity oscillations when 
the frequency detuning is scanned.  The latter can be observed by time-averaging over the (typically) faster 
temporal oscillations. 
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(b) 
Fig. 3.  (a) Trajectories, at constant phase (𝜃𝜏 = 2𝜋), of  eigenvalues when 𝜅 = 0.1 and 𝜏 = 100. (b) Simulations of SCL 
intensities when 𝜅 = 0.02  and time delay of 100.  Solid blue & red lines are intensities of both lasers, time-averaged over 
10 ns, and vertical dashed black line is predicted PT-transition point. 
Finally, since our experimental procedure relies on scanning the frequency of one laser, i.e. a scan of 
𝜃, which is the average of the laser frequencies, and hence a variation in the feedback phase, inclusion of this 





It is important to point out here that this Hamiltonian allows additional control over the non-Hermiticity of the 
system through a phase control of the off-diagonal element.  By varying either 𝜃 or 𝜏, one can, in principle, 
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The eigenvalues of Eq. (9) are depicted in Fig. 4a, where, once again, we see oscillations in the real 
part of the eigenvalues and discrete steps in the imaginary ones.   A closer look reveals  
(a) 
(b) 
Fig. 4. (a) Trajectories, with varying phase, of the eigenvalues when 𝜅 = 0.1 and 𝜏 = 100. (b) Simulations of the SCL 
intensities when 𝜅 = 0.02  and time delay of 100.  Solid blue & red lines are instantaneous intensities of both lasers, time-
averaged over 10 ns, and vertical dashed black line is predicted PT-transition point. 
that the frequency of the oscillations in the former has increased.  In addition, the smooth curve in the real 
eigenvalues plot between ∆𝜔 = 0.12 → 0.2  and ∆𝜔 = −0.2 → −0.12   lays over the discrete jumps unlike in 
Fig. 3a.  It is remarkable that both the features, viz. the increased frequency and the continuous curve are 
captured in the simulations of the full model.  Shown in red line, the intensity of SCL2 undergoes oscillations 
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Next we discuss the experimentally measured laser intensity profiles, obtained with the system of 
SCL1 and SCL2 for a time delay, 𝜏= 180, and 𝜏= 480.  The temperature of SCL2 (blue) is scanned and the 
intensities of both SCLs are recorded (Fig. 5a, 5c respectively).  We normalize the measured intensities with 
respect to the minimum recorded intensity to contrast the fractional growth of each SCL intensity.  The 
profiles show an abrupt increase in intensity at |∆𝜔| = 𝜅,	a clear signature of the PT transition.  Especially 
interesting is that in the region where |∆𝜔| > 𝜅 , the intensity profiles oscillate, and become more rapid as the 
time-delay increases, and the amplitude of these oscillations diminish with increasing time-delay.  
 (a) 
 (b) 
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(c) 
 (d) 
Fig. 5 (a) Experimental intensity profiles for time delay, 𝜏 = 180; (b) simulations of the full laser model at, 𝜏 = 180; (c) 
experimental intensity profiles for time delay, , 𝜏 = 480; (d) simulations of the full laser model at, 𝜏 = 480.   
These oscillations are a unique characteristic of the time-delayed coupling between the two lasers.  For the 
same parameters as the experiments, the simulation results of the full laser model of Eq. (1-4),	 are shown in 
Fig. 5b and 5d, respectively.  The numerical results also show that the PT-transition occurs at |∆𝜔| = 𝜅	(= 
0.02) indicated by the black, dashed vertical line in Fig. 5b, 5d.  It is seen in both experiments and simulations 
that the intensity of SCL2 increases abruptly for a certain detuning between the lasers and this occurs at the 
PT-threshold.  The features noted above were verified up to a t of 500, after which the laser beam divergence 
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causes unavoidable problems with coupling and stability of the setup.  At the same time, very small delays are 
also difficult due to the physical footprints of the various optical components. 
5. CONCLUSIONS
This paper has reported the results of our work on using two, bidirectionally coupled 
semiconductor lasers to effectively mimic a non-hermitian system and probe its intensity dynamics.  The 
system is entirely classical and yet produces many of the signatures that are common to other PT-symmetric 
systems.  The coupled laser system described here contains many complicating factors, such as nonlinear gain 
and the resulting saturation effects, time-delay in the coupling between the lasers, and others, and hence it is 
surprising that the system still retains many of the features of PT symmetry.  We have motivated the existence 
of such behavior through a simplified model which reduces the Lang-Kobayashi model to a 2 x 2 matrix 
which is reminiscent of a PT symmetric dimer.  Through this, our work indicates that the detuning between 
the lasers plays the role of gain and loss in conventional PT symmetric systems.  Our experimental 
measurements and numerical simulations of the Lang Kobayashi model are in qualitative agreement with each 
other, and both show that many of the features predicted by the simplified model survive in the presence of 
nonlinearities and gain saturation.  We have also shown that the time-delayed coupling has an important effect 
on the behavior of the system, and that in particular it leads to oscillations in the intensities of one of the 
lasers as a function of the detuning between the two lasers.  Finally, we note that the experiments were done 
with commercially available lasers, and that all of the important parameters, viz. the detuning between the 
lasers, the coupling between them, and the time delay, are all easily accessible in experiments. 
This work raises many important and interesting questions which will be the subject of future 
reports.  These include the role of quantum noise in these systems, as well the population dynamics at the PT 
transition.  Finally, since the time-delay influences the phase accumulation factor, a detailed study of the 
phase dynamics of these systems could also be investigated.   
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